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Abgract

The earlier optimal method ** for the simplification of single variable systems having ordinary
polynomia denominators has been extended to the multivariable case encompassing Stuations
where the origina or smplified model may have delays in their states. The performance index used
for optimization isthe integral of the time-weighted squared error between the responses of the
original and smplified models. The performance index isfirst expressed in terms of the smplified
model unknown parameters and a minimization of thisindex gives the smplified model optimal
parameters. The results of thiswork find additional gpplication in obtaining the closed-form
expressions of the error squared integral between the reference input and output response for
certain closed-loop systems involving plants with time delays.
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Introduction

The approximation of complex models by simple ones continuesto generate the interest of systems
engineers and scientists *°. Approximeation of high order systems by low order ones with time
delaysis common in process control “°. Some classical graphical methods for achieving this are
available™. One application of these sSmple models is in the implementation of interna model and
Smith Prediictor control schemes ™. Another important purpose of the time delay isto ensure thet
both the complex and smplified models possess gpproximately equal amount of phase lags, at
least, at critical frequencies.

Onthe other hand, it is Sometimes necessary to accurately gpproximate a complex model with time
delay by smpler model having no time delay. One common reason for this requirement isthat the
methods of process analysis and control system design are based on state variable techniques ™.
This paper consders the approximation of complex models with or without time delay by smpler
oneswith or without time delay. A genera treatment isfirst given for multivariable systems having
time delays both in the numerator and denominator terms. The results of thiswork facilitate the
exact evaluation of the weighted error squared integral of sysemsinvolving quas - rationd transfer
functions”® aswell as certain closed-loop systems where the original open loop systems possess
time delays. The procedures are illustrated by examples.

It isimportant to compare this work with earlier ones. Halevi’s® work deals with the reduction of
high order systems without delay to low order ones with delay. Hismethod of solution is elegant
but he considered only impulse-like input. The sub-optimal method of Xue and Athertor” issimple
and can be applied to single variable models having time delaysin the denominator. It is however
subject to error and inapplicable to the multivariable situation. Hwang and Chuang ** considers only
sngle variable problems where the high order model has no time delays. It is clear that this paper
solves alarger class of problems than hitherto addressed. In generd, capitdl letters denotethe
Laplace transform variable in thiswork..



Description of the Problem
Congder agtable linear time-invariant system with time delay whose input-output description is

given by
Y (9=G(9U(9=(Gj(s) U© )

where U(s), Y (s) and G(s) are respectively the Laplace transforms of the input variable vector u(t),
the output response vector y(t) and the n, x n, impulse response matrix g(t). The objectiveisto
compute a stable smplified n, x n, delayed model G(s) given by

Yi(9) =G (9 U (9) = (Giij(8) U9 )

such that for a suitable input U(s) the integral of the weighted squared error between the output
time responses of the original and reduced models
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isminimised, wherey;; and y;; denotesith output response to jth input change for the complex and
smplified models respectively, tr (.) and superscript T denote respectively the trace and transpose
of amatrix while hy(t) is the weight for €%(t) where

&;(0) = yii(®) - Yrii(t) (4)

The weight h;(t) which is a suitable function of time bestows desirable properties on the response
Viij(t). A weight which isa polynomid int penalizesthe error at long times and usudly forcesy;j(t)
to approach y;(t) speedily. The weight specified in thiswork takes the form

hij(t) = t (5)

wherek;; is apositive integer. When every hy; =1 in (3), then Jisknown asthe integra of squared
error, | SE. For the purposes of thiswork
_ Uo uz
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where W, U;, U, and U are congtants. The problem then isto compute G(s) such that (3) is
minimized subject to the congtraint that al the poles p of G(s) lie in the open left half plane,

Re(p) <0 ()
with zero steady state error in the output responses, that is

&(t) = (y;(t)-y(t)) = Ofort® ¥ (8
where Re(p) denotes the redl part of the complex number p. The steady state congtraint (8) implies
G(0) = G(0) )

whenever Uyt 0in (6) thereby ensuring the existence of the indefinite integra (3). Thisis therefore
aparameter optimization problem which can be efficiently solved by a suitable optimization
procedure provided that the stability congtraint (7) are satisfied during the course of the
optimization and (3) can be cheaply computed. In order to cheaply compute (3), one makes use of
Parseval’ sidentity

J= trg(\g (T ()(e; (t))gdt = trgaez—;i (‘_)iT¥ F(9 E(- s)gdai =1, (10)

where



E(9) = Y(9)-Y(s) = (G(9)-G(9))U(s) = (Ei(9) (11)
and
~dVE.
Fi9 = (- e 50
ds™
The frequency domain expression for Jin (10) cannot be directly evaluated using recursive
dgorithms'. Theintroduction of asimple reformulation, as explained below, overcomes this

problem.

(12)

Computation of theIntegral of the Time-Weighted Squared Error
In order to make the treatment as genera as possble, we consder the (i,j)th element of the error
Eij(s) where the complex model has the form

H(9 + L(9e &S

Gi(9) = s (13)
M(s) +L(9e 2
and H(9),...,M(s) are polynomiasin s of finite degree and of real coefficients while the (i,j)th
element of the simplified model has the form
P(se 'S
Gy(9 = 1 (14)
Q(9)

where P(s) and Q(s) are polynomias of finite degrees with redl coefficients. Both Gj(s) and G;ii(s)
are assumed dtrictly proper. Ejj(s) in (11) can be decomposed into its steady state and transent
components

Ei(9 = [(My/s+Z(9)e+2x(9-(Mmiis+Z(9)e (15)
where

m; = WG;(0) (16)
and

d3 = dl' d2 (17)

We shdll in the sequel, for smplicity, assume that Z;(s) is zero athough the procedure set out
below can easlly be extended to Situations where Z,(s) is non-zero.

In an earlier work™ Taiwo has shown how, for the Z,(s) =0 case, J can be derived by expressing E;
in the form (15). Drawing on this, it can be shown that

P
J=a aJj (18)
i=1 j=1
Jj = Jhij + Jij + Jij + Jy + Jeij +j (19
where
Jo = mﬁ K+l (g, . )i+ 20
alj_kij+1§ '(1' 2) g ( )
o1 _geldi-d)s
Jpij = 2 Qiy X(9Z(-9)e ds (21)
d“ t
— (_1\Kii - ts
whereX(9 = (1)~ g (Zr(s)e ) 22)
An explanation of how to evaluate (21 ) employing residue theorem is given in the Appendix.
1 ¥

Jeij = X (9Z, (- 9etSds (23)
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Where X () = (-1 % (Zr (9€ ts) (24)

3ai = - éoﬁ; POZ, (- 9€ s (25)

where P(g) = (-1)1 d—k”(W(s)e' ts) (26)
T gk

Note that the transformation from z to w isto impose the larger time delay t on this function
thereby facilitating (25) and its evaluation.

Jij = 2m; X(0) (27)
and

Jij = -2m;P(0) (28)

The changes needed in the above formula are gpparent for the Stuationwhend, - d, > t and
detailed explanations form similar situations are given elsewhere™“. From the foregoing, it is clear
that the minimization of Jfacilitates the computation of the optimal G(s).

llugtrative Examples
Example 1. For approximating complex distributed systems or systems with alarge pole-zero
excess, Lepschy et a ° propose the four parameter mode of the form

-t
60" 7} a1+, (29

asasmple model for the process

G(9 = (30)

%1+ s+ 095 +0.44s° + 014s* + 0035°)
The parameters of (29) obtained usng moment matching together with the Jfor h(t) =1 are given
in Table 1. Inthiswork we consider the simpler three-parameter model

to approximate (30). Following the development in this paper, and with u=1, u;= L, = U3 =0, we
have for thisexample, m=1=G(0). L, = t1- to,J}=1729529, J. =
coskt »/(2k(1- sinkt 5)), k=2Z(0),

5 5

L=-28 ae Pt /(o +ke tP) =28 ae (o tz)bi/b ,wherethea and -b are
i=1 i=1 !

the resdues and poles of G(s). Upon choosing h(t) = 1 in (3) the technique of this paper is used to

compute a smplified modd with lessthan ¥4 of the J obtained with moment matching employing

modd (29). We aso employed moment matching to compute suitable parameters for model (31).

Asindicated in Table 1, the Jis till more than four times the value obtained using optimization. In

order to compare the effectiveness of the above G,(s) vis avisthe second order plustime delay

mode, this latter modd in the form

G(S) = (Gist1) e 133/ (dos? +dys+1) (32)
was tested using both optimization and moment matching. While the moment matching results
indicate the superiority of the modd (29) having time delay in the denominator, optimization
indicates that the mode (32) without delay in the denominator is superior for this example.



Table 1. Jfor the various approximants of example 1.

Method Simplified Modéd Parameters J
kiorkorts | k:orc tyordg toord,ort

Thiswork usng | 1.24488 - 1.128126 0.83682 0.0199004

modd (31)

Moment 1.09535 - 0.981666 0.894615 0.0490344

matching using

modd (31)

Moment 4.1924 3.1924 3.1669 1.024 0.0480128

matching ° using

model (29)

Moment 0.536555 -0.1484086 | 0.3150362 0.4386114 0.055243

matching using

modd (32)

Thiswork usng | 0.859226 - 0.237378 0.3574728 0.01816

modd (32)

Example 2 Evauation of the | SE for afirst order plustime delay system when feedback controller
has been parametrized using internal model control (IMC) isimportant in various applications.

Condder the plant G(s) =ce’ tS/(s+ c) . With afirst order filter having atime congtant | the

classical feedback controller parametrized using IMC is given by (i +1) / (Is+1- e'9).

Assuming the reference input is a unit step change, then the error is given by E(s) =

(Is+1- € tS)/(s;(l s+1)). Using the theory of this paper, it is easly found that the ISE isgiven

byJ=t+I /2.

Example 3. A mode of an air compressor has two inputs (guide-vane and blow-off valve signals)
and two outputs (pressure and flow). The trangfer function’ is

€ 01133 0715

e
G(g) = EL7835° +448s+1
é 03378¢ 0299

09222
2071s+1

-0321¢ 094s

e
8036152 +109s+1 0104s + 2.463s+ 10

u

CNONONC

(33)

G(s) is non-rational, and it is assumed that an accurate rationa gpproximant is desired. This can be
the case when adesign technique is only applicable to rationd  systems, expressible in the usua

date variable form. Note that the minimum number of differential equations needed to smulate this
plant is seven. If it isdesired to reduce this model to second order using optimization, one may
assume the reduced model expressed in the controllable form:

X)) =AM +Bu®), y = Cx®
with
641 a2 U €11 C2 U
Ar= g«'ﬂlzl a2

D

A

u

e

A

u

0 Bi=lC= 2021 5 G(9=Cd -A)7'B.

(34)

(35)



The computation of G(s) can be done with pencil and paper or by using any software with
symbolic computation capabilities. Assuming U, = 1, by = U = Uz = 0, the technique in the previous
section can be used to obtain J; for each error term Eji(S) in terms of the unknown parametersin
equation (35 ). Hence one can obtain Jin terms of these parameters. Setting h(t) = 1, the optimal

ameters of obtained are A= & 05644 -029940 . _ ¢ 001939 04145 0
™ T 809037 -04126f ' 021965 -003123

Table 2 shows that this modd isfavourable in terms of Jto other second order reduced moddls
hitherto obtained.
Further work was done to obtain athird order reduced modd with

€0 0 -a30 €l bpu

A

_ Up _ U~
A =gl 0 -apiB =0 bypiC =

€0 1 -axf &0 bzpf
With smilar weight and input used above, the theory of this paper may be used to obtain the
optimal parameters of the reduced model as given in Table 2. Observe that unlike moment
meatching which sometimes gives unstable reduced model, our method always gives stable reduced
models. Our method may also be used to compute areduced model of any order unlike the classical
moment matching method when applied to multivariable process. When optimal values of relatively
many parameters are desired, it may not be easy to know agood starting point. One method of
overcoming this problemisto compute a high order moment approximant, obtain a balanced
redlization of desired order and transform the latter to the canonica form given above. This usualy
gives agood starting point which will facilitate speedy computation of the reduced model optimal
parameters. One important advantage optima reduced modelsisthat they can be made to satisfy
severd dedrrable properties and constraints which may be in-built during the computation.

€11 Ci2 Casu
é 0
€21 C22 Co3(

Table 2. Jfor various approximants of Example 3.

Method J
Thiswork, second order mode 0.008711
Moment matching® about s=0 and s= 0.1165 0.0095117
Moment matching® about s=0 only 0.01034
Thiswork, third order model 0.00246617
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Appendix
Evaluation of integral (21) *
Z (9) will in genera take the form
o = BO+D(E Sty
A(9 +C(9)e™ 'S
where A(9), ..., D(s) are polynomials of finite degree with red coefficients. With h(t)=1

1 J¥ 3B(9+D(9e F103B(-9 =D(-9e O A2)

~ 2pi Qi gA(s) +C(9e ¥ %A(- 9+C(-9e¥ &

(A1)

Jpij

For delay free systems it is possible to evaluate the integral by closing the contour on either the left
or the right and using the theory of residues. Such an approach cannot work here because there are
in genera an infinite number of poles in both the left and right half planes. However, by first
suitably rearranging the integra in such away that there are only afinite number of relevant poles
it is possible to evauate (A2). The basic ideaiisto split the integral into two parts, the first of which
consists of all the poles arising from the zeros of A(s) + C(9)e™ and the second al those arising
from the zeros of A(-s) + C(-) €°. This is achieved by first obtaining an equivaent form for Z(-s)

at the poles of Z(s) asfollows. At such points
A(9) +C(9e™=0 (A3)
and so

_B(-9+D(-9e%1  _ B(-9A(9) - D(- 9Cy(9
A(-9+C(-9€'°  A(-9A(9- C(-9C(9)

where Cy(s) = C(9)e™; ™"

The desired rearrangement is then given by

Z(-S

(A4)



¥ B9+ D(s)e'ﬂlgxa%(- 9 +D(-9e"* aB(- 9A(9) - D(- 9C1(980
¥EA(9+C(9e S 5 gA(- 9+Cl-9e%  EA(-9A(9- C(-9C(9 &
B9 +D(9e %1 aB(- 9A(9 - D(-9C1(Y0
A©+C9e S EA(9IA(E- C-9C(9 o

=1
J ~ 2pi

(AS)

which may be written in the aternative form
J o1 2 BEO+DEe T O RD(-9A(-9- B(-9C(-9)e™  aB(-9A(9- D(- 9Cy(98d,
0 E AC9+CC9et  EAC9A9- C(-90( i

2PN ¥ EA(-9A(9) - C(-9C(97

(A6)
These suggest that the integral may be evaluated by closing the contour in the left half- plane for the
first part of the integra since dl the zeros of [A(-s) + C(-9)€” ] lie in the right half-plane and by
closing the contour in the right half-plane for the second part of the integra since al the zeros of
[A(S) + C(9€™ ] liein the left half-plane. The poles arising from the roots of

A(-9A(9) - C(-9C(9) =0 (A7)

must aso be congdered. Since some of these zeros may lie on the imaginary axis, it may be
necessary to first indent the contour (to the left half plane) around these points before separating the
integral into two parts and closing the respective contours.

It is now possible to close the contour in the left half-plane for the first part of (A6), and in
theright half-plane for the second part of (A6). In both cases, the only enclosed poles arise from the
enclosed zeros of (A7). Assuming that the integrals round the semicircles at infinity are zero (as will
be so in most cases of practicd interest), it follows from (A6) that

o B(9+D(g)e ¥1aB(- 9A(9 - D(-9Cy(9)6

J=- .
ak' LeSkSA(s) +C(9€ ts gA(- 9A(s) - C(-9C(9) 2

where the s, are theroots of (A7).

(A8)

For the generd case in which e(t) is weighted, the above procedure may be repeated, with no
additional complications, and it isfound that

& 6! ®- -oée.. - -oU

c - - o - CBA- DCXA'A- CC+tCC=l

o B+De%: +i1BA-DC+t;DC e oe al
h=-areg— X T 2 y
K s=Sk§A+ Cexp(st)z : AA- CC (?AA- ceo :

N e (%] b

(A9)

in which, exactly as in (A8), the summation is taken over the solutions s = s of the polynomial

equation (A7). In (6) the prime denotes differentiation, and the shorthand notation A = A(-9), €tc.
isused.



