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Abstract

This paper will deal with the Theory of Geometric Bifurcation which the author developed in 1986. The theory
developed in those papersis very general and abstract. So, until a symbolic software program such as Mathemat-
ica came along, it was very difficult to examine concrete examples which would illustrate and explain the theory.
In this paper we will look at examples of bifurcating branches of solutions of nonlinear: algebraic equations,
ordinary differential equations, and partial differential equations.
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1. Introduction

This paper will investigate nonlinear eigenval ue problems of the form

Lw- w+F( ,w) =0, whereL isalinear operator in a Hilbert space H, with being a scalar parameter, and
F( ,w) = o(]jw]]). Such equations arise in bifurcation (branching) problems where a solution becomes non-unique
and bifurcates into more than one solution. For example, in the buckling of rods, plates, and shells. Also in the
field of fluid dynamics, such as the Bernard and Taylor problems.

In this paper we will look at examples of the following types.
(@ L =A, Aisanxn matrix,

(L= V?, the Laplace operator.

We will investigate the existence(or non-existence) of global branches of solutions of the above equations. We also
will show how to construct these branches. The method used to accomplish thisis based on the' Theory of Geomet-
ric Bifurcation" developed by the author [1,2]. The above equation hasw 0 as a solution for all valuesof . The
"linearized" equation Lw - w = 0, besides having this trivial solution also has non-trivial solutions at the

eigenvaluesof L, = i The main question we will be interested in is whether the nonlinear equation Lw- w

+ F( ,w) = 0 has non-trivial solutions bifurcating from the trivial solution at the eigenvalues = i (Itiseasy to

show that if the nonlinear equation has non-trivial solutions they must bifurcate from the trivial solution at the
eigenvalues of the linearized equation). We will be restricting our attention to the case that the operator L is self-
adjoint (symmetric), which is the case for most physical models. This will allow the results proved in [1,2] to be
stated more simply. We will use dim and null for dimensiom and null space respectively. When dim null(L - il)

= 1 (multiplicity of i = 1), then bifurcation from the eigenvalue i always occurs. This case is very smple to
handle and not very interesting. We will only be looking at the case when the multiplicity of i is 2 Ifwelet
w= (y+ ), )
where
y  N=null(L - ol),
lvll = 1,
and

N* (the orthogonal compliment of N, H=N  N*).

Where isasmall parameter, and ¢ isan eigenvalue of L with

dmN 2
We can now state the above mentioned results. But first we define T[y], which isthe projection operator of H onto
the tangent plane to the unit sphereinN at y, i.e,,

TM:H  DM={xlx,y)=0xandy N, |lyll=1},
with ( , ) being theinner product on H.
Theorem 1
o isa bifurcation point of
Lw- w+F ,w)=0 (2
if and only if for each > O sufficiently small there existsay N with |ly|| = 1 such that it satisfies

TVFC (v )0 y+"(y, ) =0. ©)
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Where A(y, ) and A(y, ) are solutions of the equations
L-o -(-0oy+)+ 'R, (y+ )=0 4)
- o-( *FC, (y*+ ).,»=0, ®)
for afixedyand .

Loosaly speaking, this theorem says that solutions of (2) will bifurcate from the zero solution at an eigenvalue
of L if and only if the tangential vector field

T[y]F(A(y, ), (y+ "(y, ))) hasazerofor each sufficiently small .

It can be shown that A(y,O) = gand A(y,O) = 0. In addition, if we assume that
F(, wy= F( ,w),with >1,
then the leading term in approximating Equation (3) is
TIYIF( 0y)=0. (6)
Theseideasareillustrated in Figure 1.

T[¥] Tangent plane W unit
spherein T at P

Unit sphere in ™

Figurel

If this tangential vector field hasa " transver se zer 0", then bifurcation from ¢ will occur. A transverse zero of a
vector field is a zero of the vector field such that any small perturbation of the vector field will not eiminate the
zero. For example, in one dimension x% has a transverse zero at x = 0, while x? does not.

Itisshown in [1] that if the multiplicity of an eigenvalue ¢ isodd, then bifurcation from ¢ will occur. In[2] itis
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shown that if F( ,w) is an even function of the variable w, then bifurcation from ¢ will also occur. An even
function being one that satisfies the condition F( ,-w) = F( ,w). It isfor these reasons that, in this paper, we
will be looking at examples where the multiplicity of ¢ iseven and F( ,w) isan odd function of w. In this
case bifurcation from ¢ may or may not occur, asthe following exampleswill show.

2. L=A, annxnmatrixand H=R",

Wefirst consider the following example for n=4.

(1 0 0 0y
A 0100]|
0020y}
0 00 2
X
W y
u
v
Xy uy? vy
x3 vx? y?x uyx
ol XX uyx y® vy?
x2 uyx y vy? uvy

So that equation (2) becomes

A w-2a2w+F[A, w] ==

XX x ¥y ouy? vy? x
X2 VX2 VX uyx y y
x uyx y® vy? 2u u
X2 uyx y vy? 2v uvy v

Theeigenvalues of A are{1, 1, 2, 2}. Wewill be investigating the bifurcation from the double eigenvalue

[}
[N

2o

Thereforedim N =dim N* = 2.
0 0 0

1
. 0 1 0 0 .
Inthiscase, basesfor N and N* are{ ol } and{ o } respectively.

0 0 0 1

The vectorsin the unit sphere(circle) in N can then be parametrized using theangle in

[0,2 )by
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Cos [a]
_ Sin[a]
- 0
0
and the vectorsin N* by
0
_|o
77 - nl
n2
So that (1) becomes,
Cos [a]
_ Sin[a]
= o1
n2
Equation (2) can then be written as

e Cos [a] e Cos [a] x3+y3+uy2+vy?

e Sin[a] eSin[a] . x3+VX2+yZX+UYX y
enl enl x3+uyx+yd+vy? '
€n2 €n2 xBruyx+yd+vyZiuvy

0
. 0
{x ->eCos[a], Y->eSin[a], u->enl, v->en2}| == 0
0
Sin[a] Cos [a]
Sin -Co(s)[a] isorthogonal to S no[a] then Equation (3) becomes
0 0
Sin[a] x3+ydsuy?4vy?
—Cos 3 2, y2
Dot [Flatten]| o] ] Flatten]| XTAVXERYTXHUY X
0 x3+uyx+yd+vy?
0 x3+uyx+yd+vy2iuvy

{(Xx ->eCos[a], Y ->eSin[a], U->enl, v—>er72}]] ==
0
(*7x)

The leading term of this equation, which is Equation (6), obtained by letting 1=0 and
2=0, becomes

Simplify[%/. {nl->0, n2 ->0}]
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In order to calculate the zeros of this equation, let

t[a.]=-1-8Cos[2a] +Cos[4a] +2Sin[2a] +Sin[4a];

and

Pl ot [t [a], {a, O, 2n}]

This shows, using the above Theorem and the remark about transver se zer os , that bifurcation will occur for =1
at each of the four zerosof t[ ]. We can calculate these zeros by

al = a /. FindRoot [t [a], {a, .8}]

a2 =a /. FindRoot [t [a], {a, 2.2}]

a3 = a /. FindRoot [t [a], {a, 3.8}]

a4 = a /. FindRoot [t [a], {a, 5.3}]

Wenotethat 1- 3= and 2- 4= ,which meansthat the solution branches bifurcate in pairsin opposite
directions. Thisis expected since the nonlinearity is cubic, so that if (X, Yy, u, v) isasolution then (-x, -y, -
u, - v) isalsoasolution.

Now that we know bifurcation will occur, we can construct the bifurcating branches.

2.1 Constructing the Solution Branches

Wefirst find 1and 2for small .

Equation (4) can bewritten, using, o 1, as

0 0 Cos [a]

0 0 Sin[a]
A ol | - @ 1) o1

n2 n2 n2

x3+y3+uy2+vy?
x3+VvXx2+yZX+UYX
x3+uyx+y3+vy?
x3+uyx+y3+vyZiuvy

/. {X ->eCos[a],

|

y ->eSin[a], u->enl, v->en2} (*8%)

]
]
o O O O

Thefirst two dements in the above vector equation are
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Cos[a]® e +Sin[a]® e? +
nlSin[al®?e?+n2Sin[a]®?€?- (A-1) Cos[a] ==0

and

Cos[a]® €? +n2 Cos[a]? e? +Cos[a] Sin[a]? € +
nl Cos[a] Sin[a] €2- (A-1)sina==0

Solving each of thesefor (- 1), we get

Cos[a]l®e? +Sin[a]®e?2+nlSin[a]?e?+n2Sin[a]? e?

A-1) ==
{ ) Cos [a]

and

(A-1) == ; (Cos[a]®e? +
Sin[a]

n2 Cos [a]? €2 + Cos [a] Si n[a]? €2 + nl Cos[a] Si n[a] €?)

Equating these we get

Cos[a]®e? +Sin[a]®e?2+nlSin[a]’?e?2+n2Sin[a]® e
Cos [a]

—  (Cos[a]®€?+n2Cos[a]® €’ +
Sin[a]

Cos [a] Sin[a]? €? +nl Cos[a] Si n[a] €?)

We note that this equation is the same as Equation (7), which means that it's leading term for small ,( 1=0,
2=0),is

t [a]

and thereforeissatisfied fora = ai 1 =1,2,3,4.

So we may use either one of the above expressions for (- 1) . This makes sense since none of the i 's are equal
to or 5

We next substitute the 1st expression for (- 1) into the 3rd and 4th elements of

Equation (8).

Cos[a]®€? +Sin[a]®e?+n2Sin[a]?e? +

nlCos[a] Sin[a] €2 +nl-nl (A-1) /.

A -1) ->

Cos[a]l®e€? +Sin[a]®e?+nlSin[a]?e? +n2Sin[a]? e
Cos [a]

]
1]
o
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Cos[a]®€? +Sin[a]®e?+n2Sin[a]?e?+nln2Sin[a] € +

nlCos[a] Sin[a] €2 +n2-n2 (A-1) /.
A - 1) ->
Cos[a]l®e€? +Sin[a]®e2+nlSin[a]?e? +n2Sin[a]? e?
Cos [a]

==0

It is not hard to see from these equationsthat 1 Oand 2 Oas 0. Therefore the leading terms in their
serieswill be

nl - e2Cos[al® -e€2Sin[al® and n2 - €2 Cos[a]® - €2Sin[a]® . Therefore we define the
following.

nlla_, € ]=-€’Cos[a]® - €2Sin[a]®;

n2la_, € ] =-€?>Cos[a]® - €2Sin[a]?;

From this we see that the leading term for ( - 1) Oos[a]gg;;[f]”[a}g < where we have used the first of the

two expressionsfor (- 1). Therefore we define

Cos[a]®e? + Sin[a]® e?
Afla_, e 1 =1 + ;
Cos [a]

These three functions, nl[a_,e ], n2[a_,e_],and A a_, € ], will be used to start the iteration scheme
for a continuation process which will construct the solution branches bifurcating from = 1. Thiswill be done as
follows.

eqs[x_, y , U, V_, A_]:=
X +x+yd+uy?+vy?-x2a==0,
X2 +VX2+y?X+UYyX+y-yA==0,
x2+uyx+y3+vy?+2u-un==0,
x2+uyx+y3+vy?+2v+uvy-v2a==0}

I hsegs[x_, y_, u_, v_, A_]:=

O +x+y3+uy?+vy?-ox A xX3+vxZ+y?X+UYX+Y -y A,
X2+uyx+yP+vy?+2u-ux X3P +uyx+y3+vy?+2Vv+uvy-va}

We calculate the determinant of the Jacobian matrix of | hseqgs so that we can seeif it gets near zero. Thiswould
mean the map is becoming singular, and we may be near a bifurcation point.
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jacobian[x_,y , u, Vv , ax]-=
{{ox| hsegs[x, y, u, v, A1[1], oyl hseqgs[x, y, u, v, A][1],
oyl hsegs[x, y, u, v, A1[10, 8yl hsegs[x, y, u, v, A1[I1T},
{ox| hseqgs[x, y, u, v, A1[2]1, &yl hsegs[x, y, u, v, A1[2],
oyl hsegs[x, y, u, v, A1[20, 8yl hseqgs[x, y, u, v, A1021},
{ox| hseqgs[x, y, u, v, A1[31, &yl hseqgs[x, y, u, v, A1[31,
oyl hsegs[x, y, u, v, 2131, 8yl hseqgs[x, y, u, v, A1I3]},
{ox| hseqgs[x, y, u, v, A1[41, oyl hsegs[x, y, u, v, A]1[4],
oul hsegs[x, y, u, v, A1[41, 8yl hsegs[x, y, u, v, A1[41}}
3x? 1 3y? 2uy 2vy ¥ y?
3x2 2vx Y uy ux 2yx 1 Xy X2
3x% uy 3y? 2vy ux Xy 2 y2
3x% uy 3y? 2vy uv ux vy Xy Y uy 2

jdet [{X_, Yy , u, V_}, A ]=Det[jacobian[x, y, u, v, A]1;

findroot [{xO , yO , u0O_, vO_}, A ]:=
{X, ¥, u, v} /. FindRoot [Eval uatef[eqs[Xx, ¥, u, v, A]],
{x, x03}, {y, y0}, {u, u0}, {v, vO}, Maxlterations -> 20]

In order to follow a branch of solutions as we increment A, we define the following function bi f br anch. In the
arguments of this function, x0, yO0, u0, vO, and A00 represent the starting valuesof x, y, u, Vv, and
A respectively, with da being the size of theincrement of X and n the number of increments to perform .

bi f branch[x0_, yO , u0O_, vO_, 200 , dax , n_] :=
Modul e[{sol, jd},
sol [0] : = {x0, yO, u0O, vO};
sol [1] : =fi ndroot [sol [0], A00 + dAaJ;
sol [i _]:=
(sol [i ] =findroot [2%sol [I -1] -sol [i -2], 200 +i % dA]) /;
i >=2;
jd[i 1 :=jd[i] = jdet[sol [i ], 200 +i » dA];
Tabl e[{A00 +] » dA, sol [ 1, jd[j 1}, {j, 1, n}]
1

branch[a , € , dx , n_]:=
bi f branch[e Cos[a], € Sin[a],
enlia, €], n2[a, €], Ala, €], dA, n]

Wefirst find the branch for a = al.
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bbranch = branch[al, .02, . 0005, 6507];

Thefollowing functions will enable usto plot each of the variablesx, y, u, v versus .

plotsol x[a , c_]:=
Li st Pl ot [Tabl e[{bbranch[[i, 1]], bbranch[[i, 2, 111},
{i, Lengt h[bbranch]}
1,
Axes -> Aut ormati c,
AxesLabel -> {A, x}, Pl otJoi ned -> True,
Pl ot Label -> StringForm["a=""", a],
Pl ot Range -> All , Plot Styl e -> Hue[c]]

plotsoly[a , c_]:=
Li st Pl ot [Tabl e[
{bbranch[[i, 1]]1, bbranch[[i, 2, 2]1}, {i, Length[bbranch]}
1,
Axes -> Aut ormati c,
AxeslLabel -> {a, y}, Pl otJoi ned -> True,
Pl ot Label -> StringForm["a=""
Pl ot Range -> All , Plot Styl e -> Hue[c]]

, al,

plotsolufa , c_]:=
Li st Pl ot [Tabl e[
{bbranch[[i, 1]]1, bbranch[[i, 2, 311}, {i, Length[bbranch]}
1,
Axes -> Aut ormati c,
AxesLabel -> {A, u}, Pl otJoi ned -> True,
Pl ot Label -> StringForm["a=""
Pl ot Range -> All , Plot Styl e -> Hue[c]]

, al,

plotsolv[a , c_]:=
Li st Pl ot [Tabl e[ {bbranch[[i, 1]], bbranch[[i, 2, 411},
{i, Lengt h[bbranch]}
1,
Axes -> Aut omati c,
AxesLabel -> {A, v}, Pl otJoined -> True,
Pl ot Label -> StringForm["a="""
Pl ot Range -> All , Plot Styl e -> Hue[c]]

, al,

pl ot sol x[al, O]

pl ot sol y[al, O]
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pl ot sol uf[al, 0]

pl ot sol v[al, 0]

We see from these graphs that the derivatives with respect to A are getting large, which means that the map is
becoming singular. In order to get around this difficulty we change variables. Instead of having A as the indepen-
dent variable we change to a new independent variable, say x. Now we can think of the unknowns being
(A, ¥, U, V) instead of (X, Yy, u, v) . Weaccomplish thiswith the following.

jacobianx[x_, Yy ,u, Vv , A ]-=

{{0al hseqgs[x, y, u, v, A1[11, &yl hseqgs[x, y, u, v, A][1],
oyl hsegs[x, y, u, v, A1[10, 8yl hsegs[x, y, u, v, A1[I11},
{0,l hseqgs[x, y, u, v, A1[2], &yl hsegs[x, y, u, v, A1[2],
oyl hsegs[x, y, u, v, A1[20, 8yl hsegs[x, y, u, v, A1021},
{0l hseqgs[x, y, u, v, A1[3], oyl hseqgs[x, y, u, v, A1[3],
oul hsegs[x, y, u, v, A1[31, 8yl hseqgs[x, y, u, v, A1[I3]},
{0, hseqgs[Xx, y, u, v, A1[4], oyl hsegs[x, y, u, v, A]1[4],
oul hseqgs[x, y, u, v, A1[41, 8yl hsegs[x, y, u, v, A1[41}}
X 3y> 2uy 2vy y? y?
y ux 2yx 1 Xy X2
u 3y?> 2vy ux Xy 2 y2
v 3y? 2vy uv ux vy Xy VY uy 2

jdetx[{A , Yy , u_, v_}, x ] =Det [jacobianx[Xx, V¥, U, vV, A]];

findrootx[{200 , yO , u0 , vO 3}, x ]:=
{A, ¥, U, v} /. FindRoot [Eval uate[eqs[x, ¥, u, v, A]],
{2, 200}, {y, yO0}, {u, uO}, {v, vO}, Maxlterations -> 20]

bi f branchx[200 , yO_, u0 , vO , x0_, dx_, n_] :=
Modul e[{sol, jd},
sol [0] : = {x00, yO, u0, vO};
sol [1] : =findroot x[sol [0], x0 + dx];
sol [i _]:=
(sol [i ] =findrootx[2=*sol [i -1] -sol [i -2], xXO0+i % dx]) /;
i >=2;
jdri 1 :=jd[i] = jdetx[sol [i ], xO+i » dx];
Table[{x0+] = dx, sol [j1, jd[j1}, {j, 1, n}]
1

We start this branch with the ending valuesin the previous cal cul ation.



12

ims99-jhw.nb

bbr anch =
bi f branchx[1. 3, 0.533956558414711235",
-0. 228838525034876294° , -0.277231132406344116,

0. 533956558414711235", . 001, 3000];

We define a new set of plot functions for this case.

pl ot sol xx[a , C_]:=
Li st Pl ot [Tabl e[ {bbranch[[i, 2, 1]], bbranch[[i, 111},
{i, Lengt h[bbranch]}
1,
Axes -> Aut omati c,
AxesLabel -> {A, x}, Pl otJoi ned -> True,
Pl ot Label -> StringForm["a=""", a],

Pl ot Range -> All , Plot Styl e -> Hue[c]]

pl otsol xy[a , € ] :=
Li st Pl ot [Tabl e[ {bbranch[[i, 2, 1]], bbranch[[i, 2, 2]]},
{i , Lengt h[bbranch]}
1,
Axes -> Aut omati c,
AxeslLabel -> {a, y}, Pl otJoi ned -> True,
Pl ot Label -> StringForm["a=""", a],
Pl ot Range -> All , Plot Styl e -> Hue[c]]

pl ot sol xu[a_, ¢ _]:=
Li st Pl ot [Tabl e[{bbranch[[i, 2, 1]], bbranch[[i, 2, 311},
{i , Lengt h[bbranch]}
1,
Axes -> Aut omati c,
AxesLabel -> {A, u}, Pl otJoi ned -> True,
Pl ot Label -> StringForm["a=""", a],
Pl ot Range -> All , Plot Styl e -> Hue[c]]

pl otsol xv[a , c_]: =
Li st Pl ot [Tabl e[{bbranch[[i, 2, 1]], bbranch[[i, 2, 4]]},
{i, Lengt h[bbranch]}
1,
Axes -> Aut omati c,
AxeslLabel -> {A, v}, Pl otJoined -> True,
Pl ot Label -> StringForm["a=""", a],

Pl ot Range -> All , Plot Styl e -> Hue[c]]

pl ot sol xx[al, 0]
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We join

pl ot sol xy [al, O]

pl ot sol xu[al, 0]

pl ot sol xv[al, 0]

these graphs with the corresponding graphs from above.

X a=0. 785398165043810614"

1.05 1.1 1.15 1.2 1.25 1.3

y a=0. 785398165043810614"

1.05 1.1 1.15 1.2 1.25 1.3
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u a=0. 785398165043810614"

1 1.15 1.2 1.

0.1}

0.4

v a=0. 785398165043810614"

1.05

We perform a similar procedure for the branch corresponding to a = a2. Combining these results with the
previousresultsfor a = al, we get
the following. We note that theinter section point P isa bifurcation point.
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m 2.2 An Example Where Bifurcation Does Not Occur
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A w-2a2w+F[A, w] ==

X yUw vV X2 y) x

y X(2 2 2 y?) y
2u vz Vv XX y) u
2v u( W@ Vv X y) v

(*9x)

Asin the previous example we will investigate whether bifurcation occurs from the double eigenvalue

=1
Cos [a]
_ Sin[a]
= n1
n2
Euation (3) then becomes
Sin[a] (X2 +y2+u?+v2)y
- T (X2 av2 a2 e y2
Dot [Flatten[ s [a] ] Flatten[ (X2 +y2 +uz +V2)X
0 (X2 +y2+u2+v2) v
0

- (X2 +y2+u2+v2)u

{(Xx ->eCos[a], Y ->€Sin[a], U->enl, v—>er72}]] ==

—e Cos[a]? (-€2nl? -e?2n2? -2 Cos[a]?-€2Sin[a]?) +
eSin[al? (e?nl?+e?n22+e2Cosa]?+€?2Sin[a]?) ==0

Sinplify[%

e® (1+n1%2+n2%) ==0
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This shows that bifurcation does not occur since =0 is the only solution, which means only the zero solu-
0

8 , of Equation (9) exists.

0

We note that in this example the nonlinearity is cubic aswas the nonlinearity in the previous example where
bifur cation does occur!

tion,

3. de“lz , H=C?[0,2 ].

X2

In this section we will be concerned with the solutionson theinterval [0, 2 ] of the differential equation

W'+ aw+f[t, w, w]==

with the periodic boundary conditions

W[0] == W[2 ]

w [0] == W' [2 7]

It isnot hard to see that the linear problem

W + AW==

with the same boundary conditions, has the eigenvaluesx = N2, n =0,1,2,3..., with the eigenfunctions 1 for
n=0and {Cos[n t],Sin[n t]}, n=123,...Wenote that all the eigenvalues (except A=0) have
multiplicity 2. In this example the nonlinearity will be

flt_,y_,z 1:=-ktyz?+y?z

4
3 no bifurcation will occur, but when k 3 bifurca-

tion does occur. It is for this reason that we wish to investigate this problem. We want to learn what happens to

Where k is a parameter. It will shown that when k <

the bifurcating branches of solutions as k decreases through the value _, . Do the solution branches just disap-

3
pear or do they sowly collapse to zero? We will learn what happens in the following. We investigate the

bifurcation from the double eigenvalue

=1

ThereforedimN = 2and dimN* is . Wewill takeabasisfor N to be
{Cos[t],Sin[t]},andrepresentthe N* componentbyn[t].

We will usetheinner product



ims99-jhw.nb

19

2 7
' g_)::j ftygrrt] 4at
0

Therefore the vectors in the unit sphere(circle) in N can then be parametrized using theangle a in[0,2 ) by

yle 1[t_]1:= L (Cos[a] Sin[t] +Sin[a] Cos[t])

T

<ylal, ylal)

It iseasy to seethat

ypla J[t_1:= L_ (Cos[a] Cos[t] -Sin[a] Sin[t])

T

isorthogonal toy[ a_] [t ] and soisin thetangent plane(line) to the unit sphere(circle) inN at y[a ][t _] .

i.e.,

<ypla]l, ylal)

Equation (1) then becomes

Wla_1[t_]:= e (Y[allt] + nn[t])
We need to define

fla_J[t_]=
Sinplify[frt,y, z1 /. {y->wlal[t], z->W[a]"' [t]}]

then Equation (3) becomes

yplal, fla]) ==

We obtain Equation (6) by lettingn[ t] - >0 and n’ [t 1- >0 in the previous equation.

Sinplify[%/. {n[t]->0, n'[t]->0}]

We wish to calculate the zeros of this equation, so let,

t[k , & 1=4+4kCos[2a] +k Cos[4a]

In order to see how the zeros of thisfunction behave asak varies we do the following.
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pl t [k_] o=
Pl ot [t [k, a], {a, O, 2 x},
Pl ot Label -> StringForm["k=""", k],

AxesOrigin-> {0, 0}]

tabl eplt [kmax_1]1 : = Tabl e[plt [k], {k, 1, kmax, .05}]

tabl eplt [1.5]

k=1

{ Gaphics , Gaphics , Gaphics |,
Graphics , Gaphics , Gaphics , Gaphics |,
Graphics , Gaphics , Gaphics , Gaphics }

We can animate these graphsand seethat t [ k_, a_] hasno zeros for small values of k (no bifurcation occurs)

and ask increases we get four zeros (four bifurcating branches of solutions).

We can get an analytic representation of these zeros by the following.

Sol ve[t [k, a] == 0, a]

We definethereal zerosof t [ k, a] , as

(-4 +3 k)14

al[k_] :=NCCOS[W]

(-4 +3k)H*

a2[k_] :=ArcCos |- BT |
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a3[k_]1:=al[k] +

ad[k 1:=a2[k] +

4 3 4 .
We note that for k =  real zeros appear at , and , and for k > _ there are four real zeros. This agrees

3 2 2 3
with the above graphs.
We note (as was mentioned in Section 2),that al[ k] - a3[ k] = = and
a2[ k] - a4[ K] = s, which means that the solution branches bifurcate in pairs in opposite directions. This is

expected since the nonlinearity is cubic, sothat if w{ t] isasolution then-w{ t] isalsoasolution.

m 3.1 Constructing the Solution Branches

We will beinterested in the bifurcation from the eigenvalue

20 =1;

Wefirstfindn[t] for small . Equation (4) can bewritten as

n' " [t1+20n[t] == (A0-2) (y[a][t]+ nl[t]) -
e?f[t, ylal[t]+ nitl, ylal' [t]1+ n' [t]]

Using Lemma 3.5 in [1], which saysthat n- >0 ase- >0, it is not hard to see that the leading term in the approxi-
mation for n[ t] satisfies the following approximation to the above equation.

N [t1+20n[t] == A0-) y[al[t]-€*f[t, y[allt], ylal' [t]] ‘

Next let

‘ ffla_1[t_]=Sinplify[f[t, yla][t], y[a]l' [t]1]] ‘

In order for a solution n[ t] of the previous differential equation to exist, the right-hand side must be orthogonal
to both of the eigenfunctions Si n[ t] and Cos[t],i.e,

‘ (X0 -2) (y[a], Siny-€®(ff[a], Sin) == ‘

and,

‘ (X0 - ) (y[a], Cos) -€® (ff[a], CosS) == ‘

Solving each of these two equationsfor (1- ) we get
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2 (_i k V7 Co _ Sin[a] kSinfa] _ kSin[3a])
€ 7 Cos [a + — =
4 [ ] 4 8'\/7\' 16'\/7\'

(1-2) = —
/7 Cos [a]
and
2 [ Cos[a] k Cos [a] 3k Cos[3 a] _ 1 o
(1-2) = € (S v e 2B Lk Sin(al)
A7 Sin[a]

Equating these two equations we get

62 _% k ‘/_7r CDS[O(] _ Sin[a] " k Sin[a]l _ kSin[3a]

4\ 8Vr 16 V7

Sinmplify][ —
/7 Cos [a]
2 [ Cos[a] k Cos [a] 3kCos[3a] _ 1 :
6(4*/;-'- oy + o= 4k\/;8|n[a])]
A7 Sin[a]

SinceCsc[ a] Sec[a] # 0, wecanwritethisresult as

‘ 4+4kCos[2a] +kCos[4a] ==0

The left-hand side is exactly what we had defined previoudy as t[k_, a ] and therefore is satisfied for
a=ai, i=1,2, 3, 4. Sothat we may use either one of the above expressions for (1- A) , and we can now solve

the above differential equation for n[ t] asfollows.

dsol =DSolve[n' '[t]1 +X0n[t] ==Sinmplify][

(A0 -2) ylal[t]-€*f[t, ylallt]l, ylal' [t111, nit], tI1;

nit , a, 2, e, k ]=n[t] /. Flatten[dsol ]

We next solvefor A inthefirst of the two expression above for ( 1- A) , and defing,

Ale_, e , k 1=

2 ( Lk _OO Sin[a] kSinfal _ kSin[3a])
e |-= T S[a] - — + —
4 V o] 47x 8V 16 V' + 1

A/7 Cos [a]

Substituting thisinton[t _, a_, x_, e_, k_],weget

nit_ , a, e, k 1=Sinmplify[n[t, a Ala, € kI, €, kI]

Wenext showthat n[t_, a_, e, k_] satisfiesour periodic boundary conditions, i.e.,
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n[0, a, €, k] -n[2mrx, a, €, k] ==

True

and,

(6t nit, a, €, k] /.t -=>0) - (6 n[t, a, €, k] /.t =>27x) ==0

Sinplify[%

€2 (4+4kCos[2a] +k Cos[4a]) Sec[a]
16 /7

I}
I}
o

We see that this equation is satisfied since the expression in parenthesisist[k_, a_ ] whichiszerofor a =
ai, i=1,2,3,4.

Since nn is in N*, we must impose the conditions that n[t _,a , e , k ] is orthogonal to Cos[t] and
Sin[t]. Thisisdone by solving for ([ 1] and J 2] in the following. Wefirst define,

nmlt_1=nl[t, a e KI;

so that we can impose the orthogonality conditions,

(nn, Sin) ==

c[1l] =C[1] /. Solve[% C[1]]

and

(nn, Cos) ==

c[2] =C[2] /. Solve[% C[2]]

We next substitute these expressions for ¢c[ 1] andc[ 2] inton[t_, a_, e_, k_] tofinally get our approxi-
mationton and &; n for small ,i.e,

nit_, a, e, k1=
Sinplify[n[t, a, €, k] /. {C[1] ->c[1], C[2] ->C[2]}]

nlit , a , e, k 1=68 nl[t, a, €, K]

Thefunctionsn[t ,a ,e ,k ], ni[t ,a ,e k], ANa,e ,k ], al[lk ],anda2[k_] will
now be used to start the iteration scheme for a continuation process which will construct the solution branches
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bifurcating from 2y = 1. This will be analogous to the procedure used in Section 2 for algebraic equations,
except that we must now use Newton's M ethod instead of the built-in function Fi ndRoot .We first substitute the
expressionsfor al[ k_] and a2[ k_], that wederived previoudy, i.e.

(-4 +3 k)14
23/4 K1/4 ]

(-4 +3k)H*
23/4 K1/4 ]

al[k_]:=ArcCos|

a2[k_] : = ArcCos |-

intothefunctions n[t _,a ,e ,k ], nl[t_,a ,e ,k ], and A a_, e , k ] andthen simplify.

nalt_, e , k_ ] =Si rrplify[n[t, al[kl, €, k1 //.
{Sinfa_+b_] ->Sin[a] Cos[b] +Sin[b] Cos[a],
Cos[a_+b ] ->Cos[a] Cos[b] -Sin[a] Sin[b], Sin[2a_] ->

2Sin[a] Cos[a], Cos[2a_] ->Cos[a]”2-Sin[a]”2,

Sin[4a_] ->4Cos[a] Sin[a] (Cos[a]’? - Sin[a]?),
Cos[4a_ ] ->-1+2 (Cos[a]?-Sin[a]?)’,
Sin[2 ArcCos[a_]] —>2a\/m,
Sin[4ArcCos[a_]] ->4aV1-az (2a®-1)}]

nlalt , e , k ] = Si rrplify[nl[t, al k], € k] //.
{Sinfa_+b_] ->Sin[a] Cos[b] +Sin[b] Cos[a],
Cos[a_+b ] ->Cos[a] Cos[b] -Sin[a] Sin[b], Sin[2a_] ->

2Sin[a] Cos[a], Cos[2a_] ->Cos[a]”2-Sin[a]”2,

Sin[4a_]->4Cos[a] Sin[a] (Cos[a]® - Sin[a]?),
Cos[4a_] ->-1+2 (Cos[a]?-Sin[a]?)’,
Sin[2 ArcCos[a_]] —>2a\/m,
Sin[4ArcCos[a_]] ->4av1-a2 (2a2-1)}]

Xalf[e_, k_ 1 =Full Sinplify[A[al[k], €, K] /.
Sin[3a_]->2Cos[a]’Sin[a] +Sin[a] (Cos[a]?-Sin[a]?)]

na2(t _, e, k 1 =Si rrplify[n[t, a2[k]1, €, k1 //.
{Sinfa_+b_] ->Sin[a] Cos[b] +Sin[b] Cos[a],
Cos[a_+b ] ->Cos[a] Cos[b] -Sin[a] Sin[b], Sin[2a_] ->

2Sin[a] Cos[a], Cos[2a_] ->Cos[a]”2-Sin[a]”2,

Sin[4a_] ->4Cos[a] Sin[a] (Cos[a]®? - Sin[a]?),
Cos[4a_]->-1+2 (Cos[a]?-Sin[a]?)’,
Sin[2 ArcCos[a_]] —>2a\/m,
Sin[4ArcCos[a_]1] ->4av1-a2 (2a®-1)}]
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nla2[t , e , k ] =Si rrplify[nl[t, a2[k], €, k] /7.
{Sinfa_+b_] ->Sin[a] Cos[b] +Sin[b] Cos[a],
Cos[a_+b_] ->Cos[a] Cos[b] -Sin[a] Sin[b], Sin[2a_] ->

2Sin[a] Cos[a], Cos[2a_] ->Cos[a]”2-Sin[a]”2,

Sin[4a_]->4Cos[a] Sin[a] (Cos[a]® - Sin[a]?),
Cos[4a_] ->-1+2 (Cos[a]?-Sin[a]?)’,
Sin[2 ArcCos[a_]] —>2a\/m,
Sin[4ArcCos[a_]] ->4aV1l-a2 (2a2-1)}]

We next calculate the expressionsfor nal, nlal, na2, andnla2 att =0.

Aa2[e , k ] =FullSinplify[A[a2[k], €, k] /.
Sin[3a_]->2Cos[a]’Sin[a] +Sin[a] (Cos[a]?-Sin[a]?)]

nalOfe , k 1 =Sinplify[nal[0, €, k]]

nlalO[e , k 1 =Simplify[nlal[0, €, k]]

na20[e_, k 1 =Sinplify[na2[0, €, k]]

nla20[e_, k 1 =Sinmplify[nla2[0, €, k]]

Next consider the following initial-value problem that is associated with our boundary-value problem. We will use
Newton's M ethod to find the values of a and b that will make the solutions of this initial-value problem satisfy
our boundary-value problem. In order to accomplish this we will need the derivatives with respect to a and b of
the solution of this initial-value problem. This will lead to a system of three second order ordinary equations
together with six initial conditions, as follows.

eqs =

The solution W t,
the equations

a,

{w''[t, a, b] + Aw[t, a, b] +
frt, wt, a, by, w [t, a, b]] ==0,

b]

w[0, a, b] ==a, w' [0, a, b] == Db}

of thisinitial-value problem will satisfy our boundary conditionsif a and b satisfy

a-w[2m a, b] ==
b -w [2x a, b] ==

Thefollowing will make the notation easier.
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cat [x_, y_]:=
ToExpression[StringJoi n[ToString[x], ToString[y]]l]

newnanes = {8,q9q_"' "' [t, a, b]:=cat [q, d][1]" ' [t],
épq_'"[t_, a, b]=>cat[q, d]J[2]" ' [t],
9,9 _"'[t_, a, b]=scat[q, d][1]' [t],
oq_'[t_, a, b]:=>cat[q, d][2]' [t],
9,09 _[t_, a, bl =>cat[q, dI[1]1[t],
dpq_[t_, a, b]l=>cat[q, dI[2][t],
q_[t_, a bl=q[tl};

diffegsfa , b_, A, k ] =
Flatten[{eqs, 8, eqs, 8p €qs} /. newnanes]

Theinitial-value problem is solved with,

ivpla_, b_, 2, k_ ] :=
NDSol ve[di ffegs[a, b, A, k], {w, wd[1], wd[2]},
{t, 2x}, MaxSt eps -> 50000,
Accur acyCGoal -> 25, Precisi onGoal ->12]

Newton's Method will be formulated as follows.

j acobi an =
{({1-wd[1][2x], -wd[2][2 ]},
{-wd[1]' [27x], 1-wd[2]' [27]});

yl[a_, b_] D=
{{a-w[2 7]},
{b-w [27]}}

dylfa_, b ]:=-lInverse[jacobian].yl[a, b];

ff [{a_, b_]', A_, k_] =
(ivpl=ivp[a, b, A, kI;

{a, b} + Flatten[dyl[a, b] /. ivpl]);

The iteration scheme for Newton's Method then becomes the following function, with | keeping track of how
many iterates it takes to get within an error of ¢ to a fixed-point. It is important to know how many iterates it
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takes, since if this number starts to increase it may mean that we are approaching a bifurcation point on the
branch we are following.

fpl{a_, b}, 2,k ,e]:=( =0;
Fi xedPoint [ (I ++; ff [#, A, k]) & {a, b},
SaneTest -> ( (Abs[#1[[1]] -#2[[1]]11] +
Abs[#1[[2]] -#2[[2]111) <€ &)
]

We will need the determinate of the above Jacobian matrix in order to check if it gets close to zero. This would
mean that the mapping is becoming singular and that we may be approaching a bifurcation point on the branch
that we are following (see previous remark concerning the number of iterates).

jdlivpl_] : =
Det [j acobian /. Flatten[ivpl] 1;

In order to follow a branch of solutions as we increment A, we define the following function i dbr anch. In the
arguments of this function, a0, b0, and X0 represent the starting values of a, b, and A respectively, with da
being the size of the increment of A and j mthe number of increments to perform .

i dbranch[aO_, bO_, 20 _, dx_, jm, e, k_ ] :=
Mbdul e[ {i db, j bd},
idb[0] := {a0, bO};
idb[l] := fp[idb[0], A0, k, €];
idb[i 1 :=
(idb[i] = fpr(2idb[i -1] - idb[i -2]),
A0+ (i -1)da, k, €]) /; i >=2;
jbd[i _1 :=jbd[i] = jd[ivpl];
Table[{20 + (j -1) da, idb[j], jbd[jI, I'}, {j, Jm}]]

In order to sart this continuation process we now use the previousy defined functions, y[a][t],
nalO[ e, k], nlalO[e, k], no20[e, k], nla20[e, k], ral, a2, al,anda2. Werecdl thatin
this notation the al and a2, in the names,

refer to the branches bifurcating in the direction of the angles al and a2 respectively. The starting valuesatt =
0 are defined as follows.

W[t , a, a, e ]:=€ (Y[a]l[t] +a)
Wt ,b,a,e]li=ze(y[a]l' [t]+Db)
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wall[e , k ] =w[0, nalO[e, k], al[k], €];
Wlal[e , k 1 =w' [0, nlalO[e, k], al[k], €];
wa2[e , k ] =w[0, na20[e, k], a2[k], €];
Wla2[e , k 1 =w' [0, nla20[e, k], a2[k], €];

We use these to define functions br anchl and br anch2 which will allow us to construct the branches of
solutions bifurcating in the direction of the anglesal and a2 respectively.

branchlfe , k_, jm]:=
i dbranch[wal[e, k],
Wlal[e, k], Aalfe, k], .005, jm 10~ -8, k]

branch2[e , k , jm]:=
i dbranch[wa2[e, k],
Wla2[e, k], Aa2[e, k], .005, jm 10~ -8, k]

For example we can construct the branches startingat e = . 15 for k = 1. 5 with 450 steps as follows.

branl = branchl[. 15, 1.5, 450];

bran2 = branch2[. 15, 1.5, 450];

We would like to use Par anet ri cPl ot 3D in order to represent these results graphically, but to do this we first
have to convert the values of a and b into functions of A. Thisis accomplished as follows.

al aml = | nt erpol ati on[Tabl e[
{branl[[i, 1]], branl[[i, 2, 111}, {i, Length[branl]}]]

bl aml = | nt er pol ati on[Tabl e[
{branl[[i, 1]], branl[[i, 2, 211}, {i, Length[branl]}]]

al an? = | nterpol ati on[Tabl e[
{bran2[[i, 1]], bran2[[i, 2, 111}, {i, Length[bran2]3}]]

bl an? = | nt er pol ati on[Tabl e[
{bran2[[i, 1]], bran2[[i, 2, 211}, {i, Length[bran2]3}]]

branches =
Par anet ri cPl ot 3D[{{A, al anll[A], bl aml[A], Hue[O]},
{7, alan2[x], blanR[A], Hue[.5]}},
{2, 1.00907807987241016 , 3.25279692012759014" },
AxeslLabel -> {a, a, b}]
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We next wish to investigate what happensas, k - > 4/ 3, and the corresponding branches coalesce, since
al->a2.

Wkl imle_] =Limt[wal[e, k], k->4/3]

We also see, as expected, that wa2 has the same limit.

Limt [wa2[e, k], k->4/3]

Wikl i mle_] =Limt [Wlal[e, k], k =>4 /3]

And alsowla? correspondingly has this same limit.

Limt [wWla2[e, k], k =>4/ 3]

Aklimle_] =Limt [xal[e, k], k ->4/3]

We can usethese as starting values to calcul ate the limit branch.

branchkl i mle ] : =
i dbranch[wkl i m[e], wlklim[e],
2kl i m[e], .0005, 5000, 10"-8, N[4/3]]

brankl i m= branchkl i m[. 05];

We can plot this limiting branch, in green (Hue[ . 3] ), together with the previous two branches corresponding to
k = 1.5 asfollows.
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In summary we see that as k -> 4/ 3 the two branches will come together and then there will be no
bifurcation from x = 1 for k < 4/ 3. Thiscorrespondstothereal zerosof t[k _, a ] disappearing for
k < 4/ 3 asmentioned previoudly.

m 3.2 Animating the Solutions Corresponding to Solution Branches

We now illustrate the previous results by using animation. This is done by using the data for a and b in the two
solution branches br anl and br an2. These values are used as the initial data in solving the original differentia
equation as follows.

diffegqsfa_, b_, A, k_ ] =
(W '[t]+ AW[t]+f[t, Wt], W [t]]==0,
w[0] ==a, W' [0] == Db}
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ivp2[a_, b_, A, k_ ] :=
NDSol ve[di ffegs[a, b, A, k], w,
{t, 2Pi }, MaxSteps -> 50000,
Accur acyCGoal -> 25, Precisi onGoal ->12];

solutionfa_, b_, &, k_, t_]:=
w[t] /. Flatten[ivp2[a, b, A, k]]

The solutions are plotted as follows.

pl ot sol utions : = Pl ot [Eval uat e[
{sol utionf[
branl[[i, 2, 1]1,
branl[[i, 2, 2]], branl[[i, 1]], 1.5, t],
sol ution[
bran2[[i, 2, 1]1,
bran2[[i, 2, 2]], bran2[[i, 1]1], 1.5, t1}
1
{t, 0, 2x}, Axes -> Automati c,
AxeslLabel -> {t, W}, Pl otRRange -> {-1.5, 1.6},
Pl ot Styl e -> {Hue[0], Hue[. 5]},
Pl ot Label -> StringForm["x=""", branl[[i, 1111,
Di spl ayFunction ->ldentity]

Next we designate a point on each of the branchesfor k = 1. 5. These were plotted previously with the name "
br anches". These points correspond to the ith element in thelists of databr an1 and br an2.

pl ot br anches : = Show[ {br anches, G aphi cs3D[
{{Poi nt Si ze[. 03],
Poi nt [
{branlf[[i, 1]], branl[[i, 2, 11], branl[[i, 2, 2]1}1},
{Poi nt Si ze[. 03],
Poi nt [
{bran2[[i, 1]1,
bran2[[i, 2, 1]], bran2[[i, 2, 2]1]1}]1}
} 1
3
Di spl ayFunction ->ldentity]

Thefollowing command creates atable of Gr aphi csArray 'swhich can be animated easily.

ani mat esol nbranches[imn_, imax_, di _]: =

Tabl e[
Show[G aphi csArray [{{pl ot sol uti ons}, {plotbranches}}]],

{i, imn, imax, di}]
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For example,

Lengt h[branl]

450

Lengt h[bran2]

450

ani mat esol nbranches [1, 450, 28]
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1.5]

0.5}

A=1. 00907807987241016"

-0.5]

-1.5¢

{ G aphi csArray

G aphi csArray
G aphi csArray
G aphi csArray
G aphi csArray
G aphi csArray

G aphi csArray
G aphi csArray
G aphi csArray
G aphi csArray
G aphi csArray
G aphi csArray

G aphi csArray
G aphi csArray
G aphi csArray
G aphi csArray

G aphi csArray }

4. L=v2, H=C2?[(0,2 )x(0,2 )].

In this section we will look at examples of the form
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V2w + aAw + f[X, Yy, W, 6w, 8,w] ==0,

with the boundary conditions,

w0, y] == wW[2 ] == W[X, 0] == W[X, 2x] ==

Herev? =, + yy.

It isnot hard to seethat the linear boundary-value problem

VZW + AW == 0

(with the same boundary conditions), has the eigenvalues A = XA,,= P + n? withm n being positive
integers. The corresponding eigenfunctions are
Wmn[ X, y] = Sin[mx] Sin[ny].

We will be interested in bifurcation from the double eigenvalue A, 3 = 10. The corresponding eigenfunctions
aeSin[x] Sin[3 y] andSin[3 x] Sin[y]. Thereforedim N =2 and dimN* is . Wewill take a
basisfor N to be

{Sin[x] Sin[3vy], Sin[3 x] Sin[y]}.

We will usetheinner product

2 7 2 7
F_,9.):= f U fIx, ylg[x, y] dx |dy
0 0

Therefore the vectorsin the unit sphere(circle) in N can then be parametrized using theanglea in [0, 2 ) by

Wla_]1[x_, y_1:=

1
— (Cos[a] Sin[x] Sin[3y]+Sin[a] Sin[3x]Sin[y])
T

(W[a], w[a])

It iseasy to seethat

Wola J[x_, y_1:=
i (Sin[a] Sin[x] Sin[3y] -Cos[a] Sin[3x]Sin[y])
T

is orthogonal to W a_][Xx_, Vy_] and so is in the tangent plang(line) to the unit sphere(circle) in N at
Wa J[x_, y_1.

i.e.,
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Wp[a], Wla])
m 4.1 An Example Where Bifurcation Does Occur.

For this example we take the nonlinear term to be,

fIX_, y_, W, u_, v_]:=Xxywv?

with

fla_1[x_, y_1=
f [X, Yy, W, u, v] /. {w->Ww[a] [X, Y], V -> ayw[a] [X, Y1}

Equation (6) then becomes

wola], flal)

Thisintegration takes an extremely long time. Perfor ming the multiplication first and then integrating each
term separ ately makesthis calculation very fast (from many hoursto secondd!), i.e.,

i ntegrand = Expand [wp [a] [X, Y] f [a] [X, Y]]

Lengt h[i nt egrand]

12

12 2 7 2 7

E j [j integrand[[j ]]dx | dy
0 0

j=1

Plot [% {a, O, 27}]

Thisplot shows that there are eight transverse zeroson [0, 2 ). Therefore from the remark about tranverse
zerosin Section 1, we conclude that there will be eight branches of solutions bifur cating from the eigenvalue
A = 10.

In this paper we will not construct these branches.

m 4.2 An Example Where Bifurcation Does Not Occur.

In general, bifurcation does occur. In order to construct an example where bifurcation does not occur, we had to
use many of the symbolic capabilities of Mathematica. This example is the following. Asin the previous example,
we investigate the bifurcation from the eigenvalue

13 = 10.
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We take the nonlinear term to be,

fIX , Yy ,W, u, Vv ]:=h[x, ylJwv?

where,

D e 98370678784 Cos[3y]1%Sin[x]?Sin[3x]°Sin[y]? .
- 306168435 2
17973345280 Cos[y] Cos[3y] Sin[x] Sin[3x]3Sin[y]?
61233687 2 *
288563234816 Cos [y]° Sin[3x]1*Sin[y]?
306168435 72 *
4213907456 Cos[3y]?Sin[x]1®Sin[3x]Sin[y] Sin[3y]
61233687 72 *

1

34018715 n2
Cos[3y]Sin[x]?Sin[3x]12Sin[y] Sin[3Yy]);

(14546558976 Cos [y]

fla_1[x_, y_1=
f X, Y, W, u, v] /. {w->w[a] [X, Y], V -> ayw[a] [X, Y1}

Equation (6) then becomes

wola], flal)

As in the previous example this integration takes an extremely long time. Performing the multplication first
and then integrating each term separ ately makesthis calculation very fast, i.e.,

i ntegrand = Expand [wp [a] [X, Y] f [a] [X, Y]]

Lengt h[i nt egrand]

48

48 2 7 2 7

E j [j integrand[[j ]]dx | dy
0 0

j=1

Cos [a]* Sin[a]?
4 i 4

This function has no zeros. Therefore from Theorem 1 in Section 1, we conclude that there will be no
bifur cation from the eigenvalue = 10.
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