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Abstract

In the last  decade,  Microreactor  Technology (MRT)  as a new concept in chemical engineering
has  demonstrated  the  advantages  of  microstructured  devices  for  chemical  reactions  impres-
sively. Microscale reactors are devices whose operations depend on precisely controlled design
features with characteristic dimensions from submillimeter to submicrometer. Due to the small
amount of chemicals needed and high rate of heat and mass transfer, the systems are especially
suited for reactions with highly toxic, flammable, and explosive reactants. 
The theoretical  description of the reaction-diffusion process in a microreactor was investigated
in  this  work.  A two-dimensional  mathematical  model,  containing  convection,  diffusion,  and  a
second-order reaction terms, was developed to analyze and to forecast the reactor performance.
Despite the small dimensions of microchannels, it is usually assumed that for liquid systems the
transport  of  momentum  is  governed  by  the  incompressible  Navier-Stokes  equations.  A  fully
developed  parabolic  velocity  profile  in  a  microchannel  was  assumed  and  considered  in  pro-
posed mathematical model. Using a wide range of theoretical operating conditions, expressed as
different  (ReSc)  numbers  (0.01<ReSc<10),  a  dimensionless  concentration  was  calculated  for
the  plug-flow  reactor  (PFR)  model,  the  continuous  stirred-tank  reactor  (CSTR)  model,  and
microreactor 2D model. For the numerical solution of the model equations, an implicite finite-
difference method improved by introduction of non-equidistant differences was used. All mod-
els were solved by Mathematica 5.2. 



Introduction

Nano-  and  Microtechnology  are  currently  areas  of  rapid  growth  with  a  huge  field  of  applica-
tions. Microtechnology has uncovered new scientific solutions and challenges in a broad range
of areas, from electronics,  medical technology, and fuel production and processing to biotech-
nology,  the  chemical  industry,  environmental  protection,   and  process  safety.  The  microscale
reactors  are  devices  whose  operations  depend  on  precisely  controlled  design  features  with
characteristic  dimensions from submillimeter  to submicrometer.  Because of the small  amounts
of chemicals  needed and the high rate of heat and mass transfer,  microscale systems are espe-
cially  suited  for  reactions  with  highly  toxic,  flammable,  and  explosive  reactants  [1,2].   The
microscale reactors do not have to be scaled-up, but numbered-up. The fact is that Micro-reac-
tion-technology (MRT) has demonstrated the advantages of microstructured devices for chemi-
cal  reactions  impressively.  Numerous  reactions,  including  many  notable  and  industrially  rele-
vant reactions, have been tried out successfully in microreactors and more than 400 publications
detailing these successes have appeared in peer-reviewed journals [3,4]. The small length scale
of  microreactors  reduces  transport  limitations,  giving  nearly  gradientless  conditions  desirable
for the determination of reaction kinetics [5,6,7]. In the area of catalytic chemistry, microreac-
tors are an extremely efficient tool for rapid catalyst screening and for combinatorial chemistry.
In  the  past  few  years,  several  papers  have  discussed  the  field  of  miniaturization  of  catalytic
reactors [8,9,10,11].
The  goal  of  our  study  was  to  analyze  and  to  forecast  the  behavior  of  a  general  second-order
irreversible homogeneous reaction taking place in a continuous flow microreactor. A mathemati-
cal model was developed to describe and predict reactor performance at steady-state conditions.
Microreactor  simulations  were  compared  with  ideal  plug-flow  reactor  (PFR)  and  continuous
stirred-tank reactor (CSTR) models for a broad range of operating conditions. By application of
Mathematica  computational  tool,  an  implicit  finite-difference  method  was  used  to  solve  the
system of 2D partial differential equations of a second order. A special attention was devoted to
the non-equidistant  differences in order to improve the stability  and accuracy of the numerical
solutions.

Mathematical model

Let  us  consider  a  second-order  irreversible  homogeneous  reaction  A+bBØcC,  taking  place  in
the microchannel within the flow driven at parabolic velocity profile,  developed in the y-direc-
tion. Reactive components A  and B  enter the channel in two parallel  flows as is schematic pre-
sented on Figure 1.
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Figure 1. Microchannel scheme with dimensions used in simulations.

The  reaction  follows  2nd  order  kinetics  -rA  =  k  cA  cB,  where  k  is  the  reaction  rate  constant

(m3 ê mol s).  Microreactors  are  in  general  characterized  by  laminar  flow  observed  for  Re  num-
bers up to 1000 [1]. Regarding operating conditions typical to microchannels, the laminar fluid
flow  in  the  z-axis  direction  is  considered  (Fig.  1).  The  velocity  profile  fully  developed  in  the
direction  of  the  least  dimension  (2W = 200  μm)  can  be  therefore  described  as  a  function  of  y
position only (Eq. 1)
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For  a  general  second-order  irreversible  homogeneous  reaction  in  a  microreactor  with  laminar
fluid flow, a two-dimensional (2D) model is developed. The mass conservation equation, contain-
ing convection, diffusion, and a second-order reaction term for component A for control volume
HDyDz (Fig. 2) at steady-state conditions is
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By  rearrangement  of  all  terms  into  the  form  required  for  taking  the  limits  we  get  two-dimen-
sional partial differential equation
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with associated boundary conditions
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After introduction of dimensionless concentrations and coordinates
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we finally get the set of two-dimensionless partial differential equations with associated bound-
ary condition in dimensionless form to analyze and to forecast the reactor performance at steady-
state conditions for components A and B  (Eqs. 4-7 )
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In Equations 4 and 6  DaA and DaB are dimensionles Damköhler's numbers 
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and the inverse value of the product of Reynolds and Schmidt number is
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where are 
vmax  - maximal velocity (m/s), r - density (kg/m3), h - dynamical viscosity (Pa.s), cA,0  and cB,0  -
inlet  concentrations  of  components  A  and  B,  respectively  (mol/m3),  D  -  molecular  diffusion
coefficient (m2 ê s), W - half width of the channel (m).

Numerical solutions

The  finite  differences  were  used  to  replace  the  partial  derivates  in  the  model  equations  (Eqs.
4-7). The discretization was done by the finite differences on a 2D Cartesian grid which in our
case demands the implicit approach of solution.

        Figure 2. 2D Cartesian grid.

The replacement  of  the  partial  derivates  resulting  in  the  system of  non-linear  algebraic  differ-
ence equations for the dependent variables at each grid point. The iterative algorithm is used to
solve the system of non-linear  algebraic equations for both components simultaneously.  In the
starting iteration procedure the known initial dimensionless concentration profile of component
B i.e. Yi, j  is used to solve the first approximation of the algebraic equation for component A i.e.
Xi, j (Eq. 10) and inversely.
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The  developed  Mathematica  code  presented  in  Appendix  enables  the  fast  converging  to  the
solution  without  fail.  The Built-in  Mathematica  function  CoefficientArray  is  used  to  build  the
matrix  of  the  linear  system.  The  stability  and  accuracy  of  the  numerical  solutions  based  on
finite differences can be improved by introduction of non-equidistant differences. The compari-
son  between  classical  equidistant  and  non-equidistant  partition  of  grid  points  is  schematically
presented on Figures 3. and 4. 

      Figure 3. Classical equidistant partition of grid points.

Figure 4. Non-equidistant partition of grid points.

Simple  mathematical  manipulation  is  needed  to  transform  the  equidistant  finite  differences
(Eqs. 11., 12.) 
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to the non-equidistant finite differences (Eqs. 13.,14.)
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Results and Discussion

Some characteristic concentration profiles of both components for selected operating conditions
and  process  parameters  (vav  =  0.001  m/s;  DA  =  1.1  10-9  m2/s;  DB  =  1.1  10-8  m2/s;  k  =  0.9
m3/kmol s)  are presented on Figures 5 to 8 together  with the dimensionless concentration pro-
files  at  the outlet  of the microchannel.  In the Figures  5 and 6 the dimensionless concentration
profiles for component A and B respectively are presented in the case without chemical reaction
(k = 0) and only the dilution of components taking place in single-pass of flow through micro-
channel.  The  predicted  outlet  concentration  profiles  are  in  good  agreement  with  the  expected
outlet  concentration  cA,out/cA,0  =  0.5.  The  accuracy  of  the  numerical  solution  is  observable
improved by introduction of non-equidistant differences (Fig. 6).

Figure 5. Steady-state dimensionless concentration profile in microchannel with the outlet 
   profile of the component A without chemical reaction (equidistant differences).
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Figure 6. Steady-state dimensionless concentration profile in microchannel with the outlet 
   profile of the component B without chemical reaction (non-equidistant differences).

Figure 7. Steady-state dimensionless concentration profile in microchannel with the outlet 
   profile of the reactant A (vav = 0.001 m/s; DA = 1.1 10-9 m2/s; DB = 1.1 10-8 m2/s; 
    k = 0.9 m3/kmol s).
    

Figure 8. Steady-state dimensionless concentration profile in microchannel with the outlet 
   profile of the reactant B (vav = 0.001 m/s; DA = 1.1 10-9 m2/s; DB = 1.1 10-8 m2/s; 
    k = 0.9 m3/kmol s).

In addition, the mass balance equations for the whole reactor in terms of relative concentration
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(CA,out/CA,0) of both plug-flow reactor (PFR) and ideal mixed-flow reactor (CSTR) (Figure 9) are
required to compare the performance of different reactor types. 

Figure 9. Schematic review of "microreactors" imitated the ideal behavior of PFR and CSTR.

Considering a second-order irreversible homogeneous reaction of the type A+bBØcC, a dimen-
sionless concentration of component A at steady-state conditions is given by
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for the plug-flow reactor, and 
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and  for  the  ideal  mixed-flow reactor.  In  cases  when  M = b  cA,0/cB,0  =  1,  the  upper  equations
(Eqs. 15, 16) are simplified to 

Da
X PFR +
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and

Da
DaXCSTR 2

211 ++−
=

       (18)
respectively, where DA = k CB,0 L ê vav.

Using  a  wide  range  of  theoretical  operating  conditions  (0.01<Re·Sc  <10),  a  dimensionless
concentrations  were  calculated  for  the  plug-flow  reactor  model,  the  continuous  stirred-tank
reactor model, and the microchannel 2D model and compared on Figure 10.
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Figure 10. Comparison of the predictions of ideal PFR and CSTR models together with 
      microchannel model simulations for a wide range of theoretical operating 
      conditions, expressed as different Re·Sc numbers (0.01<Re·Sc <10).

Generally,  an  increase  in  the  flow  rate  results  in  an  increase  in  Re·Sc,  and  consequently,  our
model  for  the  microreactor  approaches  that  for  a  PFR.  At  0.5<Re·Sc<10,  the  model  gives
close-to-ideal  PFR  performance.  As  expected,  a  further  increase  in  Re·Sc  number  (Re·Sc>10)
results in the shifting away of the model simulations with the PFR curve. Namely, higher values
of  Re·Sc  means  higher  velocities  and  smaller  diffusion  coefficients  what  is  reflected  in  the
shorter  residence  and  reactions  times.  Only  in  the  case  of  very  low  velocities,  expressed  as
Re·Sc values below 0.1, does the microreactor shift away from CSTR behavior (Figure 10). This
phenomenon might  be  explained  by the  fact  that  at  such small  velocities  and higher  values  of
diffusion coefficients  (Re·Sc = 0.01 at  v = 1 10-4  m/s and D = 6.610-7  m2/s)  the diffusion of
components in the flow direction (z-direction) become more significant.

Conclusions
The  theoretical  description  of  the  reaction-diffusion  process  for  a  second-order  irreversible
homogeneous  reaction  in  a  microreactor  was  investigated.  A  developed  mathematical  model
evaluated  the  microreactor  performance.  The  microreactor  model  simulations  were  compared
with  ideal  plug-flow  reactor  and  continuous  stirred-tank  reactor  models  for  a  broad  range  of
operating conditions in order to asses under what conditions (microchannel geometry, diffusion,
convection,  chemical  kinetics)  a  given microreactor  is  more efficient/productive  than  classical
macro-reactor. Mathematica code based on finite-difference method was developed to solve the
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complex system of model equations. The numerical solutions were improved by introduction of
non-equidistant  differences.  The  presented  mathematical  model  could  be  implicated  for  the
different reaction types in homogeneous and non-homogeneous systems. 
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Appendix
The  main  part  of  the  developed  Mathematica  code  used  in  presented  simulations  of  the
described mathematical model
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xy = TableA9H icccccccc
n−1

L3.5 a, Sign@jD AbsA jcccc
m
E3=, 8i, 0, n − 1<, 8j, −m, m<E;

uA = uB = Table@0, 8i, 0, n − 1<, 8j, −m, m<D;
h@i_, j_D := xy@@i + 1, j, 1DD − xy@@i, j, 1DD;
k@i_, j_D := xy@@i, j + 1, 2DD − xy@@i, j, 2DD;

var = Table@u@i, jD, 8i, 1, n<, 8j, 1, 2 m + 1<D êê Flatten;

equations@uAB_, z_, cAB_, KAB_D :=

JoinATableAH1 − xy@@i, j, 2DD2L u@i+1,jD−u@i−1,jDcccccccccccccccccccccccccccccccccccc
h@i,jD+h@i−1,jD m

cAB II u@i,j+1D−u@i,jDcccccccccccccccccccccccccccccccc
k@i,jD − u@i,jD−u@i,j−1Dcccccccccccccccccccccccccccccccc

k@i,j−1D M 2cccccccccccccccccccccccccccccccc
k@i,jD+k@i,j−1D M − KAB uAB@@i, jDD u@i, jD,

8i, 2, n − 1<, 8j, 2, 2 m<E,
Table@u@1, jD m z, 8j, 1, m<D, 8u@1, m + 1D m 0.5<, Table@u@1, jD m 1 − z,
8j, m + 2, 2 m + 1<D, Table@u@n, jD m u@n − 1, jD, 8j, 2, 2 m<D,
Table@u@i, 1D m u@i, 2D, 8i, 2, n<D,
Table@u@i, 2 m + 1D m u@i, 2 mD, 8i, 2, n<DE êê Flatten;

solve@uAB_, z_, cAB_, KAB_D := Module@8<,
8bb, A< = CoefficientArrays@equations@uAB, z, cAB, KABD, varD;
Partition@LinearSolve@A, −bbD, 2 m + 1DD;

step@8uA_, uB_<D := 8solve@uB, 0, cA, KAD, solve@uA, 1, cB, KBD<;

uA1 = solve@uB, 0, cA, KAD;
uB1 = solve@uA, 1, cB, KBD;
8uAA, uBB< = NestWhile@step, 8uA1, uB1<, HMax@Abs@#2 − #1DD > 10−5L &, 2D;

12 ims06FullPaperTemplate1.nb



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


